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entropy rate information rate $\tilde{S}$ $\tilde{I}$
Kolmogorov-Sinai
1.
($C^{*}$ ) A. Connes, H. Narnhofer
and W. Thirring dynamical entropy [CNT] $[\mathrm{O}\mathrm{h}\mathrm{P}]$
Kolmogorov-Sinai entropy Kolmogorov-Sinai entropy
Connes-Narnhofer-Thirring
dynamical entropy [Emc] $[\mathrm{C}\mathrm{o}\mathrm{S}]$ [Con] [CNT]
$II_{1}$ von Neumann $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{s}-\mathrm{s}\mathrm{t}\phi \mathrm{r}\mathrm{m}\mathrm{e}\mathrm{r}$ entropy
– $C^{*}$ $\mathrm{c}_{\mathrm{o}\mathrm{n}\mathrm{n}}\mathrm{e}\mathrm{S}-\mathrm{N}\mathrm{a}\mathrm{r}\mathrm{n}\mathrm{h}_{0}\mathrm{f}\mathrm{e}\mathrm{r}$-Thirring dynamical
entropy




$A_{N}\subset A$ ( $\Omega$ $\tilde{B}_{1}$ , $\tilde{B}_{2},$ $\cdots,\overline{B}_{N}$ )
$A=<A_{1},$ $A_{2,N}\ldots,$$A>$ ( $\tilde{B}=\tilde{B}_{1}\vee\tilde{B}_{2}\cdots\vee\tilde{B}_{N}$
) – $A\subset A$
$A_{1},$ $A_{2},$ $\cdots,$
$A_{N}$
$((A_{1}, A_{2}, \cdots, A_{N})\mapsto A-, H(A))$ $(A_{1}, A_{2}, \cdots, A_{N})$
$((A_{1}, A_{2,N}\ldots, A)\mapsto H(A, A_{2}, \cdots, A_{N})!)$
$[\mathrm{C}\mathrm{o}\mathrm{S}][\mathrm{C}\mathrm{N}\mathrm{T}]$
[CNT]
M. Ohya (compound state)
(mutual information $=mutua\iota ent_{\Gamma \mathit{0}}py$ ) [ $\mathrm{o}\mathrm{h}\mathrm{y}1|_{\circ}$
$\phi$
$\Lambda^{*}$ $\psi=\Lambda^{*}\phi$
$A$ $\mathcal{B}$ $A\otimes \mathcal{B}$ ( )
$\Phi$ ( $\phi$ $\psi$ ) ( )
$\Phi$ $\phi$ $\phi=\int\omega d\mu(\omega)$ ($\Phi=\Phi_{\mu}$ ,
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$\mu$ ) 2 $A$ $\mathcal{B}$
$A\otimes \mathcal{B}$ ( $\phi$ $\mu$ )
$A\otimes \mathcal{B}$
$\Phi_{\mu}$
$\Phi_{0}=\emptyset\otimes\psi$ $S(\cdot|\cdot)$ $S(\Phi_{\mu}|\Phi 0)$ (
$\mu$ $\sup$ ) , $\phi$ $\psi$ Ohya
$C^{*}$
2 $C^{*}$
Kolmogorov-Sinai entropy (source entropy)
(entropy rate)
(information rate)
2 $C^{*}$ $(A, \theta_{A})$ $(B, \theta g)$ $\Lambda^{*}(=$
$\Lambda$ : $\mathcal{B}arrow A$ $\theta_{A}\circ\Lambda=\Lambda\circ\theta_{B}$ A $\Lambda^{*}$ )
information rate ( $\theta_{A},$ $\theta_{\beta}$
$C^{*}$ $A,$ $B$ )
$C^{*}$ $\Lambda^{*}$
$\phi$ , entropy rate
8 information rate $\tilde{I}$ 8
$\tilde{I}$





$\mathrm{C}_{0}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{s}-\mathrm{S}\mathrm{t}\emptyset \mathrm{r}\mathrm{m}\mathrm{e}\mathrm{r}$ $C^{*}$ $A$ $\phi$
$C^{*}$ $A_{1},$ $A_{2},$ $\cdots A_{M}\subset A$ ( ) $S_{\phi}(A1, A2, \cdots A_{M})_{\text{ }}$
$c*$ 2 $A_{1},$ $A_{2},$ $\cdots A_{M}\subset A$ $B_{1},$ $B_{2},$ $\cdots B_{N}\subset A$




[CNT] $C^{*}$ “ ” $S$





( $A\otimes \mathcal{B}$ $A$
$\mathcal{B}$ Ohya
)
$A$ $c*$ $(\ni I)$ $\phi$ $A$ $m=1,2,$ $\cdots,$ $M$ $A_{m}$
$C^{*}$ $(\ni I)$ $\alpha_{m}$ : $A_{m}arrow A$ $(\alpha_{m}(I)=I)$
( $C^{*}$ $c*$ (unital C’-algebra)
(completely positive unital map) )
$n=1,2,$ $\cdots,$ $N$ $B_{n}$ $C^{*}$ $(\ni I)$ $\beta_{n}$ : $B_{n}arrow A$
$(\beta_{n}(I)=I)$ $C^{*}$ $A$ $\mathfrak{S}$
.
$(A)$ Borel $\mu$




$C^{*}$ $A$ $\phi$ $\mu$
$\alpha^{M}=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{M})$
$\otimes_{m=1}^{M}A_{m}$ $\Phi_{\mu}(\alpha^{M})$ :
$\Phi_{\mu}(\alpha^{M})=\int_{\mathfrak{S}(A)}\otimes_{m=}1m(M\omega\alpha^{*}\omega d\mu)$ .
$\Phi_{\mu}(\alpha^{M})$ [Ohyl] $\alpha_{1}^{*}\phi,$ $\alpha_{2}^{*}\phi,$ $\cdots,.\alpha^{*}M\emptyset$
.
,
$x\in A_{m}$ $I\in\otimes_{m’\neq mm’}A$
$\Phi_{\mu}(\alpha^{M})(x\otimes I)=\alpha_{m}\phi*(x)$ .







$\alpha_{m}$ : $A_{m}arrow A,$ $m=1,2,$ $\cdot,$ $.,$ $M$ , ,
$\beta_{n}$ : $B_{n}arrow A,$ $n=1,2,$ $\cdots,$ $N$ , $\alpha^{M}=(\alpha_{1}, \cdots, \alpha_{M})\text{ }\beta^{N}=$




$I_{\mu}(\alpha^{M}, \beta^{N})=S(\Phi_{\mu}(\alpha\cup\beta MN)|\Phi_{\mu}(\alpha^{MN})\otimes\Phi_{\mu}(\beta))$ .
$S(\cdot|\cdot)$ H. Umegaki [Ume] $C^{*}$











$c*$ $A,$ $A_{m},$ $B_{n}(m=1, \cdots, M;n=1, \cdots, N)$
$\alpha_{m}$ : $A_{m}arrow A,$ $\beta_{n}$ : $B_{n}arrow A$ $\alpha_{m}=j_{A_{m})}$





$A_{m},$ $B_{n}$ $\Omega$ $A_{m}^{\sim},\tilde{B}_{n}$ $S_{\mu}(\alpha^{M})$
– :
$S_{\mu}(\alpha^{M})=H(\mu m=1m\overline{A})\vee^{M}\text{ }$
$I_{\mu}(\alpha^{M}, \beta^{N})$ – :
$I_{\mu}(\alpha^{M}, \beta^{N})=I_{\mu}(\vee m=1M\overline{A}m’ \mathrm{v}_{n}=1\overline{B}n)N$ ,
– $c*$ $A_{m}(m=$
$1,2,$ $\cdots,$ $M),$ $B_{n}(n=1,2, \cdots, N)$ $C^{*}$ $A$ $\alpha^{M}=$
$(\alpha_{1}, \cdots, \alpha_{M}),$ $\beta^{N}=(\beta_{1}, \cdots, \beta_{N})$
$S_{\phi}(\alpha)M=$ $\sup$ $S_{\mu}(\alpha^{M})$ ,
$\mu\in M_{+}^{1}(\emptyset)$
$I_{\phi}(\alpha^{M}, \beta^{N})=$ $\sup$ $I_{\mu}(\alpha^{M}, \beta^{N})$
$\mu\in M_{+}^{1}(\emptyset)$
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$S_{\phi}(\alpha^{M})$ $M$ $\alpha_{m}$ : $A_{m}arrow A,$ $m=1,2,$ $\cdots,$ $M$
$I_{\phi}(\alpha^{MN}, \beta)$ $M$
$\alpha^{M}=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{M})$ $N$ $\beta^{N}=(\beta_{1}, \beta_{2}, \cdots, \beta_{N})$
$I_{\phi}(\alpha^{M}, \beta N)$ Ohya
$I(\phi)\Lambda^{*})$ –




$I_{\mu}( \phi;\Lambda*)=s(\Phi_{\mu}|\Phi 0)\text{ }\Phi_{\mu}=\int_{\mathfrak{S}(A)}\omega\otimes\Lambda^{*}\omega d\mu(\omega)_{\text{ }},\Phi_{0}=\phi\otimes\Lambda^{*}\phi$
$A$ $c*$ $\mathcal{B}$ – $S(\cdot|\cdot)$ –
[Ara] [Uhl] $I_{\phi}(\alpha^{M}, \beta N)$
$A_{m},$ $B_{n}$ 2
$\alpha_{1}=\mathrm{i}\mathrm{d}A:Aarrow A$ $\beta_{1}=\Lambda$ : $\mathcal{B}arrow A$
$I_{\phi}(\mathrm{i}\mathrm{d}_{A}, \Lambda)=I(\phi;\Lambda^{*})$
$I_{\phi}(\alpha, \beta MN)$ Ohya $I(\phi;\Lambda^{*})$
$S(\cdot|\cdot)$ ( )
22. $A_{m}’,$ $m=1,$ $\cdots,$ $M$ $B_{n}’,$ $n=1,$ $\cdots,$ $N$ $c*$ $(\ni I)$
$\gamma_{m}$ : $A_{m}’arrow A_{m}$ $\delta_{n}$ : $B_{n}’arrow B_{n}$ $\theta$ : $Aarrow A$ $\phi\circ\theta=\emptyset$
(1) :
$I_{\phi}( \alpha^{M}, \beta N)\leq\min\{S_{\phi}(\alpha^{M}), s\emptyset(\beta^{N})\}$ .
(2) $\alpha^{M’}=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{L})$ $\alpha^{M}"=(\alpha_{L+1}, \alpha_{L}+2, \cdots, \alpha_{M})$
$\max\{S_{\phi}(\alpha^{M’M’}), s_{\phi}(\alpha’)\}$ $\leq S_{\phi}(\alpha^{M})\leq S_{\phi}(\alpha^{M’})+S_{\phi}(\alpha^{M}$
”
$)$ .
(3) $\alpha^{M}\circ\gamma^{M}\equiv(\alpha_{1}\circ\gamma_{1,2}\alpha 0\gamma 2, \cdots, \alpha M\mathrm{O}\gamma M)$ $\beta^{N}0\delta^{N}\equiv$
$(\beta_{1^{\circ\delta_{1}}}, \beta 20\delta 2, \cdots, \beta_{NN}\circ\delta)$ $\vee C$
$S_{\phi}(\alpha M_{\circ}\gamma)M\leq s_{\phi}(\alpha)M$ ,
$I_{\phi}(\alpha^{M}\circ\gamma, \beta MN_{\circ}\delta N)\leq I_{\phi}(\alpha, \beta MN)$ .
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$m,$ $n$ $\gamma$ $\delta$
(4) $\theta 0\alpha^{M}\equiv(\theta 0\alpha_{1}, \theta\circ\alpha_{2}, \cdots, \theta\circ\alpha_{M})$ $\theta\circ\beta^{N}\equiv(\theta 0\beta 1,$ $\theta\circ$
$\beta_{2},$
$\cdots,$ $\theta 0\beta N)$
$S_{\phi}(\theta 0\alpha M)\leq s_{\emptyset}(\alpha^{M})$ ,
$I_{\phi}(\theta 0\alpha^{MNMN}, \theta 0\beta)\leq I(\emptyset\alpha, \beta)$ .
$\theta$
3. $\tilde{S}$ $\tilde{I}$
$\Lambda^{*}$ : $A^{*}arrow\beta^{*}$ $\phi$ : $Aarrow \mathbb{C}$ 2
$\tilde{S}(\phi)$ $\tilde{I}(\phi, \Lambda^{*})$ Kolmogorov-Sinai
$(A, \theta_{A})$ C* $A$ $\theta_{A}$ $(\mathcal{B}, \theta_{\beta})$
$\Lambda$ : $Barrow A$ $\theta_{A},$ $\theta_{\mathcal{B}}$ $(\theta_{A}\circ\Lambda=\Lambda 0\theta \mathcal{B})$
A $\Lambda^{*}:$ $A^{*}arrow g*$ $\theta_{A}$ $\phi$ $(\phi\circ\theta_{A}=\emptyset)$
$\theta_{\beta}$ $\psi=\Lambda^{*}\phi(\psi\circ\theta\beta=\psi)$
$C^{*}$ $A(\ni I)$ $\alpha$ : $Aarrow A$ $B(\ni I)$
$\beta$ : $Barrow B$ $\mathrm{n}$ $\alpha^{n}$ $\beta^{n}$
$\alpha^{n}$ $=$ $(.\alpha, \theta_{A^{\mathrm{O}\alpha}}, \cdots, \theta^{n}1_{\circ\alpha})A^{-}$
’
$\beta^{n}$ $=$ $(\beta, \theta_{B}0\beta, \cdots, \theta^{n-}10\beta B)$
$\tilde{S}_{\phi}(\alpha)=\lim_{narrow}\sup_{\infty}\frac{1}{n}s_{\emptyset}(\alpha)n$ ,









$\tilde{S}(\cdot)$ entropy rate $\tilde{I}(\cdot)$
information rate
8.1. $\tilde{I}(\phi, \Lambda^{*})\leq\min\{\tilde{S}(\emptyset),\tilde{s}(\Lambda^{*}\emptyset)\}$ .
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Kolmogorov-Sinai entropy
Kolmogorov-Sinai $(\Omega,\mathcal{F}, \mu, T)$
$\Omega$ $=\{A_{i}\},$ $A_{i}\cap A_{j}=\emptyset(i\neq j),$ $\mathrm{U}_{i}A_{i}=\Omega$ ,
$h_{\mu,T}( \tilde{A})=\lim\sup H(\tilde{A}\underline{1}T^{-1}\tilde{A}\cdots\vee T^{-(n}-1)\tilde{A})$
$narrow\infty n$
( $T$ . $\Omegaarrow\Omega$ $(\Omega,$ $\mathcal{F},$ $\mu)$ $\mu$ ) $h_{\mu}(T)=$
$\sup_{\overline{A}}h_{\mu},\tau(\tilde{A})$ Kolmogorov-Sinai entropy $h_{\mu}(T)$
$h_{\mu},\tau(\tilde{A})$ Kolmogorov-Sinai,
Kolmogorov-Sinai entropy
$\mathrm{c}_{\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}}\mathrm{S}-\mathrm{N}\mathrm{a}\mathrm{r}\mathrm{n}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{e}\mathrm{r}$ -Thirring dynamical entropy
Kohnogorov-Sinai
8 $\tilde{I}$ Kolmogorov-Sinai
$\mathrm{C}_{0}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{S}-\mathrm{N}\mathrm{a}\mathrm{r}\mathrm{n}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{e}\mathrm{r}$-Thirring dynamical entropy Kolmogorov-
Sinai
32[CNT]. $A$ $C^{*}$ $\phi$ $A$ $\mu$ $\phi$
$(A)\omega d\mu(\omega)=\emptyset$ $B$ C* $(\dim B=d<\infty)$
$||\alpha-\alpha’||\leq\epsilon$ $\alpha$ : $Barrow A$ $\alpha’$ : $\dot{B}arrow A$
$| \int_{\mathfrak{S}(A)}s(\alpha\omega|\alpha**\emptyset)d\mu(\omega)-\int \mathfrak{S}(A)ds(\overline{\alpha}^{**}\omega|\overline{\alpha}\phi)\mu(\omega)|\leq 6\in(\frac{1}{2}+\log(1+\frac{d}{\epsilon}))$ .
$S_{\phi}(\alpha^{M})$ $I_{\phi}(\alpha^{M}, \beta N)$
33. $A$ $C^{*}$ $\phi$ $A$ $A_{m},$ $m=1,$ $\cdots,$ $M$
$C^{*}$
$\alpha_{m}$ : $A_{n}arrow A$ $\overline{\alpha}_{m}$ : $A_{n}arrow A$
$d$ $d= \max_{1\leq m\leq M}\dim A_{m}$ $\max_{1\leq m\leq M}||\alpha_{m}-\overline{\alpha}_{m}||\leq\epsilon$
$\alpha^{M}=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{M})$ $\overline{\alpha}^{M}=(\overline{\alpha}_{1},\overline{\alpha}_{2}, \cdots,\overline{\alpha}_{M})_{\text{ }}$
$|S_{\phi}( \alpha^{M})-S\phi(\overline{\alpha})M|\leq 6M\epsilon(\frac{1}{2}+\log(1+\frac{d}{\epsilon}))$ .
34. $A$ $\phi$ $A$ $A_{m},$ $m=1,$ $\cdots,$ $M$
$B_{n},$ $n=1,$ $\cdots,$ $N$ C* $\alpha_{m}$ : $A_{n}arrow A_{\text{ }}\overline{\alpha}_{m}$ : $A_{n}arrow A_{\text{ }}$
$\beta_{m}$ : $B_{n}arrow A_{\text{ }}$ $\overline{\beta}_{m}$ : $B_{n}arrow A$ $d$ $\dim A_{m}(m=$
$1,2,$ $\cdots,$ $M)$ $\dim B_{n}(n=1,2, \cdots, N)$
$a^{M}=(\alpha_{1}, \cdots, \alpha_{M})$ $\beta^{N}=(\beta_{1,\cdots,\beta_{N})}$
$\max\{||\alpha_{mm}-\overline{\alpha}||, ||\beta_{n}-\overline{\beta}_{n}|||m=1, \cdots, M;n=1, \cdots, N\}\leq\epsilon$
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$|I_{\phi}( \alpha, \beta MN)-I\phi(\overline{\alpha},\overline{\beta}MN)|\leq 12(M+N)\epsilon(\frac{1}{2}+\log(1+\frac{d}{\epsilon}))$ .
33 34 $S$ $I$
Kolmogorov-Sinai ( $3.5_{\text{ }}$ 36)
35. $\alpha_{m}$ : $A_{m}arrow A$ $\alpha_{m}’$ : $Aarrow A_{m}$
$\alpha_{m}0\alpha_{m}’arrow \mathrm{i}\mathrm{d}_{A}(marrow\infty)$
$\tilde{S}(\phi)=m\lim_{arrow\infty}\tilde{s}\phi(\alpha_{m})$.
36. $\alpha_{m}$ : $A_{m}arrow A$ : $B_{m}arrow \mathcal{B}$
$\alpha_{m}’$ : $Aarrow A_{m}$ $\beta_{m}’$ : $\mathcal{B}arrow B_{m}$ \alpha m $0\alpha_{m}’arrow \mathrm{i}\mathrm{d}_{A^{\text{ }}}\beta m$ $\beta_{m}’arrow \mathrm{i}\mathrm{d}_{B}$
$\tilde{I}(\phi, \Lambda^{*})=\lim_{marrow\infty}\tilde{I}_{\emptyset},\Lambda\star(\alpha m’\beta m)$ .
$c*$ $A,$ $\mathcal{B}$ 35 36
2 $\mathrm{A}\mathrm{F}$ ( $\{A_{n}\}$ $\overline{\cup A_{n}}$
)
37. $A=\overline{\cup A_{n}}$ $\mathrm{A}\mathrm{F}$ $\theta_{A}$ $A$ $A$
$\phi$
$\tilde{S}_{\phi}(\theta)=\lim_{narrow\infty}\overline{S}_{\phi},\theta(A_{n})$ .
8.8. $A=\overline{\cup A_{n}}$ $\mathcal{B}=\overline{\cup B_{m}}$ AF $\theta_{A}$ $\theta_{B}$ $A$ $\mathcal{B}$
$\Lambda^{*}$ : $A^{*}arrow \mathcal{B}^{*}$ $A$ $\phi$
$\tilde{I}(\phi, \Lambda^{*})=\lim_{narrow\infty}\tilde{I}\phi,\Lambda^{*}(A_{m}, B_{n})$ .
$A_{n}\subset A$ $j_{A_{n}}$ : $A_{n}arrow A$
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